We show how to teleport a running wave superposition of zero-and one-photon field state through the projection synthesis technique. The fidelity of the scheme is computed taking into Despite the fact that the experimental demonstration of teleportation of an atomic state
have been reported. In Ref. [10] the authors analyse teleportation of continuous quantum variables and calculate the fidelity of the process. Teleportation of N-dimensional states has also been proposed in the cavity QED domain and regarding other physical systems [11] .
In the present paper we show, for the first time, how to teleport a running wave superposition of zero-and one-photon field states. The teleportation machine is based on a recently reported scheme for optical state truncation by projection synthesis [12] . Such a "quantum-scissors" device is suitable for teleportation since both the processes rely exactly on the same principles: the possibility of entanglement, and so, nonlocality, and the projection postulate. The technique of projection synthesis has been proposed originally by Barnett and Pegg [13] for the experimental determination of the canonical quantum optical phase probability distribution, and has also been applied for Q-function measurement [14] .
As sketched in Fig. 1a , the teleportation experiment consists of a couple of 50/50 symmetric beam splitters, BS 1 and BS 2 , and a couple of photodetectors, D b and D c . As in the original Bennett's teleportation scheme, Bob is supposed to share a quantum channel with Alice, here an entanglement composed by the output fields a and b. While the output field a, which is expected to receive the teleported state, is given to Bob, the output field b is given to Alice.
She is expected to realize a Bell-type measurement on field b itself and the one injected through the input mode c in the state to be teleported. Obviously, such a state in mode c is supposedly unknown to both Alice and Bob. As the output modes a and b had been previously entangled, the phenomenon of nonlocality plus the projection postulate lead to the achievement of the teleportation process [1] .
Ideal process. Let us briefly consider the situation where no losses are introduced. The state to be teleported, injected through the input mode c and expected to be described as
is prepared through a quantum scissors device [12] , which is a replica of the teleportation machine as depicted in Fig.1b . To prepare the state (1) a single-photon field is injected through the input mode c on BS 1 resulting in the entangled field
γ n |n e = γ 0 |0 e + γ 1 |1 e + ..., is sent through the input mode e with its vacuum and one photon amplitudes satisfying
As shown in [12] (1) . Thus, when also accounting for the preparation of the state to be teleported, the whole machine consists of a double quantumscissors device, the output mode c of that suppose to prepare the state to be teleported (Fig.1b) being the input mode c of the teleportation device (Fig.1a) .
In Ref. [12] the authors have pointed out that the quantum-scissors device is a limited form of teleportation in that part of the coherent state |γ e , formed from the vacuum and one-photon states, is "teleported" to mode c. However, we show below that it is possible to teleport a given quantum superposition of zero-and one-photon field state from mode c to mode a.
Simultaneously to the preparation of the state to be teleported, the quantum channel is prepared through a single-photon field a incident on BS 1 in a way to superpose on BS 2 both the state to be teleported and the output field b entangled to a as
. The product of Alice's state to be teleported and the quantum channel can be expanded, apart from an irrelevant phase factor, as
where we have introduced the complete set of eigenstates of Bell operators
Hence, a measurement using Bell states analysers on fields b and c projects the mode a on a superposition of zero-and one-photon field state as described in (2) . This required joint measurement can be achieved through BS 2 by the projection synthesis technique.. In fact, by superposing the field state to be teleported with the output field b in BS 2 , we get
where bc is achieved by measuring the field state |10 bc leaving the output field a in the original state |ψ c but phase shifted through π. However, the whole process, beginning with the preparation of the state to be teleported will be developed below in a noise environment and taking account of detector inefficiency.
Losses in the BS's. With the inclusion of errors due to photoabsortion in the beam splitters, the general relationships between the input and output operators α, β, i.e., a, b
where t and r are the beam-splitter transmission and reflection coefficients, respectively. In fact, such coefficients, and so the operators, depend on the frequency of the fields and here a monochromatic source is considered. The input fields and the noise sources are required to be independent so that the input operators must commute with the output Langevin operators:
with similar relations for the β operators. Imposition of the bosonic commutation relations on the output mode operators then leads to the requirements on the noise-operator commutation relations:
where Γ = 1 − |t| 2 − |r| 2 is the damping constant and Ω = tr * + rt * . For optical frequencies the state of the environment can be very well approximated by the vacuum state even at room temperature, so that
and, from the input-output relations (5a and 5b), it also follows that
Finally, the quantum averages of the Langevin operators vanish,
and the only nonzero ground-state expectation values for the products of pairs of noise operators
As noted in Ref.
[15], the above relations for the averages of the Langevin operators may also be derived from a canonical one-dimensional theory applied to a dielectric slab.
Next, it is easy to conclude that, similar to the relations (5a) and (5b), the transformation leading from the output to the input operators preserving the above-mentioned properties for the Langevin operators read
where the bosonic commutation relations on the input mode operators are satisfied.
Efficiency of the detectors.
To deal with the efficiency of the detectors we again take advantage of the Langevin operators. Introducing output operators accounting for the detection of a given input field α (modes b,c (d,e) reaching the detectors in Fig.1a (Fig.1b) ), we write
considering the case in which the detectors have the same efficiency η. Obviously, different from the BS ′ s the detectors do not couple different modes in a way that the Langevin operators L α , despite satisfying all the properties of those introduced above, obey the commutation relations
and the ground-state expectation values for the products of pairs are
General relations for the errors. We next introduce an algebra accounting for both the errors sources due to photoabsortion in the BS ′ s (Eqs. (5a) and (5b)) and the efficiency of detectors (Eq. (13)). One can check that in such an algebra the output operators α, β, those describing the fields reaching the detectors b, c ( d, e) in BS 2 (BS ′ 2 ), are
where t = √ ηt, r = √ ηr, and L α = L α + L α . In fact, from all the above-mentioned properties of the operators in relations (16a) and (16b), we get
When considering η = 1 in (17a) and (17b) we recover the relations (7a) and (7b), while for Γ = 0, which also implies Ω = 0, we recover the relations (15a) and (15b), respectively.
Engineering the state to be teleported. Back to the apparatus in Fig. 1b , when engineering the state to be teleported in a noise environment by sending a single-photon field c on BS 
Next, on BS ′ 2 the field in mode d is coupled to an additional field in mode e prepared in a coherent state |γ e = n γ n |n e . As above-mentioned the synthesized projection onto the state in mode d leading to the engineered state (1) results when a single photon is registered in D d and no counts in D e , in a way that the output state c plus environment reads
We note that the environmental states due to both beam splitters have been put together. Since all the output operators composing e † in commute to each other, using the binomial formula
we end up with
where the environmental states read
Now we use the Wick's theorem for boson operators,
where
for the normalization factor N in (21), the result
The fidelity of the optical state truncation scheme leading to the engineered field |ψ cE , expected to be |Ψ c = 1 C (γ 0 |0 c + γ 1 |1 c ) when 50/50 BS ' s are considered (i.e., |t| = |r| = |ξ|), also results from Wick's theorem as
where R = (|γ 0 | / |γ 1 |) 2 . As expected, when considering ideal detectors (η = 1) and disregarding the losses in the BS's (Γ = 0), we find F = 1. Moreover, for finite η and Γ, the largest the ratio R, making the probability to find a photon negligible, the closest to unity is the fidelity.
We note that, unlike other situations, when measuring |10 bc , as we have done above, we do not need to consider 50/50 BS's in order for the relation γ 0 /c 0 = γ 1 /c 1 = C to be required.
Teleportation process. As mentioned above, simultaneously to the preparation of the state to be teleported, which is given to Alice, the quantum channel has to be prepared by sending a one-photon field state through BS 1 . The quantum channel is exactly described by Eq. (18), except that we must change the output symbols c and d by a and b, respectively, while the state to be teleported comprehends the Eq. (21), as indicated in Fig. 1 . For simplicity the state to be teleported will be rewritten as
with |γ 0 E = γ 0 |Λ 0 (t, r) E and |γ 1 E = γ 1 |Λ 1 (t, r) E . Alice is thus supposed to realize the joint measurement on fields b and c, which is accomplished through BS 2 following exactly the steps outlined in Eqs. (19-22b), substituting the coherent state |γ c by |ψ cE and the modes d, e by b, c, respectively. As we see from Eq. (4a), in the ideal situation, when projecting the correlated output fields b and c on the state |10 bc , as done in Eq. (19), we are proceeding to a Bell measurement of the incoming state |Ψ − bc . Obviously, this is not the case when the loss mechanisms in the beam splitters are taken into account. After a straightforward calculation we obtain, for the teleported field a, the state
with the normalization constant
and
The fidelity of the teleported state expected to be |Ψ a = 1 C (γ 0 |0 a + γ 1 |1 a ), after computing losses from both the state engineering scheme and the teleportation process, results
where 50/50 BS's were considered. Evidently, for the ideal case ̥ = 1 and also the largest R the closest to unity is the fidelity.
It is straightforward to obtain the density matrix for both prepared (21) and teleported field state (26) by getting rid of the environmental degrees of freedom. By comparing the prepared field state density matrix when Γ = 0 we obtain exactly the result presented in
Ref. [12] . For estimating the fidelities in Eqs. (25) and (30) we note that the efficiency for single-photon detectors is about 70%, while the damping constant for BS ' s is considerably small, less than 2% in BK7 crystals. As far as we know, until the present date there is no other scheme for teleportation of a zero-and one-photon running wave superposition. The present scheme becomes possible due to the recent proposals for state truncation of traveling optical fields [12, 16] . Finally, we note that it is worth proceeding to the generalization of the present scheme, for teleportation of N-dimensional states, possibly through the Dakna et.al.
engineering technique for arbitrary quantum state of traveling fields [16] .
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